Abstract. It is shown that coassociative cones in R 7 that are r-oriented and ruled by 2-planes are equivalent to CR-holomorphic curves in the oriented Grassmanian of 2-planes in R 7 . The geometry of these CR-holomorphic curves is studied and related to holomorphic curves in S 6 . This leads to an equivalence between associative cones on one side and the coassociative cones whose second fundamental form has an O(2) symmetry on the other. It also provides a number of methods for explicitly constructing coassociative 4-folds. One method leads to a family of coassociative 4-folds whose members are neither cones nor are ruled by 2-planes. This family directly generalizes the original family of examples provided by Harvey and Lawson when they introduced coassociative geometry.
Introduction

In 1982 Harvey and Lawson introduced coassociative 4-folds in R
7 as an example of a calibrated geometry [6] . Using the perspective of exterior differential systems they proved a local existence theorem. Harvey and Lawson offered a single finite dimensional family of explicit examples (see section 9). In 1985 Mashimo classified + (T )). One can easily check that neither so(T ) nor so(V + ) is a subalgebra of g 2 . However, there is a copy of so(4) inside of their direct sum that is a subalgebra of g 2 . Let so(3)
± := so(Λ 2 ± (T )) and let σ ± : so(T ) → so(3) ± . The form ϕ defines an isomorphism
, by the formula (8) v → v ϕ, so let so(4) ⊂ so(R 7 ) act as so(T ) on T and as so(3) + on V + . It turns out that this copy of so(4) ⊂ g 2 is the stabilizer of the coassociatve plane T . It is useful to think of T as the tangent space to a coassociative 4-fold and V + as its normal bundle. Then the isomorphism in equation (7) states that the the normal bundle of a coassociative 4-fold is isomorphic to its bundle of self-dual 2-forms.
Identify T with H, the quaternions, via (x 1 , x 2 , x 3 , x 4 , 0, 0, 0) → x 1 · 1 + x 2 · i + x 3 · j + x 4 · k ∈ H.
Let β ∈ V + ⊗ T and assume that it satisfies the equation i · β 5 + j · β 6 + k · β 7 = 0. (9) Then an element of g 2 is equivalent to a pair (θ, β), where θ ∈ so(T ) and β satisfies equation (9) , via the map (θ, β) → θ − t β β σ + (θ) .
To prove this one just needs to check that this defines a 14-dimensional Lie algebra that preserves ϕ. This could be done by choosing a basis and computing.
Exterior Differential Systems
Lemma 2.2 indicates that exterior differential systems (EDS) arise naturally in coassociative geometry and in this article they will frequently be employed. Exterior differential systems are not the height of fashion these days so I will briefly review the basic definitions. For more information on EDS see the standard text [4] . For a gentler introduction see [8] .
Let X n be a smooth manifold and let Ω(X) be the space of smooth sections of the bundle of differential forms, Ω(X) = Ω 0 (X) ⊕ Ω 1 (X) ⊕ · · · ⊕ Ω n (X). A differential ideal I on X is an ideal contained in Ω(X) which is homogeneous and closed under differentiation. Being homogeneous means that if α ∈ I, then α ∩ Ω p (X) ∈ I for 2-RULED COASSOCIATIVE CONES 5 all p. Being closed under differentiation means that if α ∈ I then dα ∈ I. Together (X, I) will be referred to as an exterior differential system, or EDS. If one thinks of an EDS as an equation, the solutions are the integral manifolds. An immersed submanifold f : Σ → X is an integral manifold if f * (I) = 0, i.e., f * (α) = 0 for all α ∈ I. If there is any ambiguity about what ideal is being refereed to I will say I-integral manifolds. Lemma 2.2 implies that coassociative manifolds are the integral manifolds for the ideal generated by ϕ. In general I will use the notation I = α, . . . , ω to denote that I is generated by the finite set of forms α, . . . , ω.
It is extremely useful to have good generators for an EDS (X, I). Often such generators do not exist on the space X. However, natural generators often do exist on a fiber bundle that has X as its base. This leads to the notion of a G-structure.
G-Structures
A G-structure on a smooth manifold X is a principal subbundle P of the coframe bundle F that has structure group G. The most common way of defining a Gstructure on a manifold X is as the subbundle of coframes in which the expressions for certain tensor fields on X (for example, the generators of an ideal I) take a certain form. Such a G-structure is known as a bundle of adapted coframes.
Let X be a smooth n-dimensional manifold. A coframe of X at x ∈ X is u x ∈ T * x X ⊗ R n s.t. u x : T x X → R n is an isomorphism. Let F denote the right principal GL(n, R)-bundle of coframes and let π : F → X so that π(u x ) = x. The right GL(n, R)-action is defined by u x · A := A −1 • u x for A ∈ GL(n, R). The frame bundle F carries the tautological R n -valued 1-form ω ∈ Γ(T * F ⊗ R n ), defined by ω u := u • π * . The tautological 1-form has the reproducing property: If u is a local coframing of X, i.e., a local section of π : F → X, then u * (ω) = u. There is also a natural bundle map e : P → T X ⊗ (R n ) * defined by the equation π * = e ω, or, in components, π * = e i ω i .
Let G ⊂ GL(n, R) be a closed subgroup. A G-structure P on X is a principal G-subbundle of F . The R n -valued 1-form ω and (R n ) * -valued function e pull back to P and there ω retains its reproducing property.
As an example take X = R 7 . Then the coframe bundle is F = R 7 × GL(7, R). Let U ⊂ R
7 be an open set and define a coframe u :
when ϕ is defined as in equation (3). Let P be the subbundle of coframes that are adapted in this way. Because G 2 is the subgroup of GL(7, R) that fixes ϕ, the principal bundle is P ∼ = R 7 × G 2 . When working on R 7 (or R n ) it is more common to let π = x and to express π * = e i ω i as dx = e i ω i . Then the equation de i = e j ω ji defines the skew-symmetric matrix of 1-forms ω ij which, in this example, is just the Maurer-Cartan form on G 2 . Taking d of dx = e i ω i gives the structure equations involving dω i . Taking d of the resulting equation then gives an expression for dω ij .
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Using the summation convention, these structure equations on P = R 7 × G 2 are dx = e i ω i
where ω ij also satisfies ω ij = −ω ji and
The algebraic identities satisfied by ω ij are a consequence of the explicit description of g 2 given in Section 3.
Holomorphic Curves in S 6
Each coassociative cone that is ruled by 2-planes has a holomorphic curve at its core. This holomorphic curve comes with a natural immersion into S 6 . This will be described in Section 8.2. So that it is ready for use there, I will now review the geometry of holomorphic curves in S 6 when the G 2 -invariant (non-integrable) complex structure is used. This treatment is based on that given in [2] .
There is a unique irreducible action of G 2 on R 7 . The orbits consist of the origin and the 6-spheres centered at the origin. Let S 6 denote the unit sphere in R 7 . Choosing a point s ∈ S 6 defines a map u : G 2 → S 6 by the rule u(g) = g · s. The stabilizer of a point is SU(3) and this makes G 2 into a principal SU(3)-bundle over S 6 .
The point s ∈ S 6 can be chosen so that u = e 5 , where e 5 is a component of the adapted frame e.
The SU(3) stabilizer of a point in S 6 acts on the tangent space T s S 6 ∼ = R 6 via the unique irreducible 6-dimensional representation. Therefore G 2 , viewed as an SU(3)-bundle over S 6 , is naturally a subbundle of the coframe bundle and thus the G 2 -action defines an SU(3)-structure on S 6 . To uncover the SU(3) structure equations, pullback the bundle P = R 7 × G 2 to S 6 using the inclusion ι :
Then restrict to the SU(3)-subbundle P SU(3) for which x = e 5 .
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Differentiating x = e 5 uncovers the identities ω 5 = 0 and ω i = ω i5 . Thus the ω ij provide a coframe of P SU(3) . These identities allow the structure equations to be reorganized in a form that is suited to studying the geometry of holomorphic curves in S 6 . Define the (complex valued) vector fields and 1-forms
is an SU(3)-adapted framing of S 6 . The structure equations (equation (10)) and g 2 symmetries (equation (11)) now imply that
where
The complex structure on S 6 can be characterized as follows.
) and the holomorphic volume form is Ψ = θ 1 ∧θ 2 ∧θ 3 .
The complex structure allows one to define holomorphic curves. Let φ :
be an immersion of a (real) surface and letφ : Σ → G 2 be a lift obtained by choosing an SU(3)-adapted framing.
Definition 6.1. φ : Σ → S 6 is holomorphic if and only ifφ * (θ i ∧θ j ) = 0 for all i and j.
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These holomorphic curves will play an important role in Sections 8 and 9. Suppose that Σ ⊂ S 6 is a holomorphic curve. When the tangent bundle of S 6 is pulled back to Σ it decomposes into three complex line bundles: the holomorphic tangent bundle T 1,0 Σ, the first-normal bundle N 1 (Σ), and the second-normal (or bi-normal) bundle N 2 (Σ). One can always adapt frames so that
. The functions and 1-forms u,f ,θ, and κ pull back to P T 2 (Σ) and I will use the same notation for their pull-backs.
The SU(3)-adapted lifts of holomorphic curves in S 6 are integral surfaces of a larger differential ideal. The fact that f 1 is a framing of the tangent space implies that on P T 2 (Σ) the relations θ 2 = θ 3 = 0 hold. Differentiating these relations leads to
which imply that κ 31 = H 1 θ 1 and κ 21 =H 1 θ 1 for some complex valued functions H 1 andH 1 . The fact that f 3 spans the first normal bundle on P T 2 (Σ) implies that H 1 = 0, i.e., that κ 21 = 0. Differentiating this last condition results in the equation
As long as κ 31 = 0 the last equation implies that κ 23 = H 2 θ 1 . In [2] Bryant showed that the H 1 is a holomorphic function on Σ. Therefore κ 31 vanishes identically or else κ 23 = H 2 θ 1 . He also showed that κ 31 = 0 implies that φ(Σ) is a round S 2 ⊂ S 6 sitting in an associative 3-plane. From now on assume that κ 31 = 0. In summary, on P T 2 (Σ) the following identities hold:
and the last two are obtained by differentiating the first three. Let J = θ 2 , θ 3 , κ 21 . The argument above shows that the adapted lift of any holomorphic curve in S 6 will be an integral surface. A standard argument shows that any J -integral surface Σ ⊂ G 2 on which θ 1 ∧θ 1 = 0 is the adapted lift (so that f 2 spans N 2 (Σ)) of the holomorphic curve u : Σ → S 6 . In [2] Bryant defines a null-torsion holomorphic curve to be one for which κ 23 = 0. He shows that all of these holomorphic curves are naturally algebraic curves in the five-quadric Q 5 ⊂ CP 6 and that locally they can be explicitly described in terms of one arbitrary holomorphic function. This will be described in more detail in Section 8.2. For now notice that the null-torsion holomorphic curves are equivalent to integral surfaces of the ideal K = θ 2 , θ 3 , κ 21 , κ 23 .
Coassociative Cones Ruled by 2-planes
One way to simplify the coassociative equations is to assume that the 4-fold admits a ruling. In the context of calibrated geometry this technique has been applied to special Lagrangian 3-folds by Bryant [3] and Joyce [10] . Lotay has used this technique to study coassociative, Cayley and special Lagrangian 4-folds [13] , as well as associative 3-folds [14] . He showed that this reduces the problem to studying an equation on a Riemann surface. Complex geometry enters in a more elaborate way than he makes use of. The geometry discussed below is similar to that found in [3]. 
. Such a triple (M, π, Σ) is said to be a 2-ruled 4-fold. If there exists a continuous choice of orientation for E σ then M is said to be r-oriented.
If (M, π, Σ) is an r-oriented 2-ruled cone, then all of the 2-planes E σ must pass through the origin. This means that π −1 can be viewed as a mapγ : Σ →G(2, 7). The triple (M, π, Σ) will be referred to as nondegenerate if γ : Σ →G(2, 7) is an immersion.
This suggests that the natural space for studying nondegenerate r-oriented 2-ruled 4-dimensional cones in R 7 is the Grassmanian of oriented 2-planes in R 7 , G(2, 7). Lemma 7.1. A nondegenerate r-oriented 2-ruled 4-dimensional cone in R 7 is equivalent to a surface inG(2, 7).
Proof. That the cones lead to surfaces inG(2, 7) has already been shown. Given an immersed surface γ : Σ →G(2, 7), choose a local oriented orthonormal frame (v 1 , v 2 ) of the 2-plane and define
This is evidently an r-oriented 2-ruled cone.
Let γ : Σ →G(2, 7) and let Γ (r 1 , r 2 , σ) = r 1 v 1 (σ)+r 2 v 2 (σ) be the corresponding cone with image M 4 ⊂ R 7 . LetΓ : R 2 × Σ → P be a lift of Γ so that e 1 ∧e 2 defines the ruling, i.e.,Γ(r 1 , r 2 , σ) = r 1 e 1 (σ)+r 2 e 2 (σ). This is always possible because G 2 acts transitively onG(2, 7) [6] . The condition for Γ to be a coassociative immersion is
By expanding in powers of r 1 , r 2 , dr 1 , dr 2 this condition translates into the vanishing of two 1-forms and six 2-forms on Σ. These forms are the pullbacks underΓ of the
where i, j ∈ {1, 2}. Notice that these forms are defined on G 2 and don't involve the R 7 factor. This suggests defining I R to be the differential ideal on G 2 generated by the 1-forms de i , e i · e j and the 2-forms de i , de j · e k for i, j ∈ {1, 2}. Suppose that Σ ⊂ G 2 is an integral surface of I R that projects toG(2, 7) to be a surface.
Then the Γ construction above leads to a 2-ruled 4-fold in R 7 , and the above calculation shows that it will be coassociative. Thus the r-oriented 2-ruled coassociative cones are equivalent to integral surfaces of (G 2 , I R ).
The integral surfaces of (G 2 , I R ) all project toG(2, 7) to be CR-holomorphic curves for a G 2 -invariant CR-structure.
3 To see this, first notice that the map q : G 2 →G(2, 7) is naturally given by q := e 1 ∧e 2 and that because the stabilizer in G 2 of an oriented 2-plane is U(2), q gives G 2 the structure of a U(2)-bundle over G (2, 7) . The 1-forms used as generators for I R are ω 51 and ω 52 and they span a subbundle of T * G 2 that is invariant under the stabilizer U(2). Therefore this bundle is the pull back of a subbundle of T * G (2, 7) whose annihilator Q ⊂ TG(2, 7) is a real 8-plane bundle. Therefore any I R -integral surface must project toG(2, 7) to be tangent to Q. The ideal I R is itself U(2)-invariant. This means that the U(2)-action preserves each fiber of Q and so defines a complex structure J on the vector bundle Q ⊂ TG(2, 7). The 2-forms in I R imply that a generic integral 2-plane is a complex line for that complex structure. In fact:
There is a complex structure J on Q ⊂ TG(2, 7) with the following properties:
• (Q, J) is a real analytic, Levi-flat almost CR-structure on G 2 that is invariant under the G 2 action.
• Every CR-holomorphic curve gives rise to an r-oriented 2-ruled coassociative cone via the Γ-construction.
• Conversely, the surface inG(2, 7) that is defined by any r-oriented 2-ruled coassociative cone is a CR-holomorphic curve.
Proof. I'll begin by defining the almost CR-structure more explicitly. The definition will make it clear that it is real analytic and the Levi-flatness will follow from the structure equations that it inherits from the Maurer-Cartan form on G 2 . After this is done I will turn to the relationship between CR-holomorphic curves and the coassociative cones. As always it will be convenient to calculate on G 2 instead of G(2, 7). On G 2 define the complex valued 1-forms
These forms are semibasic 4 for the map q : G 2 →G(2, 7), as is the subbundle defined by ω 51 , ω 52 . In fact the real and imaginary parts of the ζ i along with ω 51 and ω 52 for a basis for the q-semibasic forms on G 2 . A 1-form α ∈ T * G (2, 7) ⊗ C is defined to be of type (1, 0) if q * (α) is a C ∞ (G 2 ) linear combination of the ζ i 's. In this way they define a complex structure J on Q.
The G 2 structure equations (Equations (10) and (11)) imply the following structure equations for ω 51 , ω 52 , ζ i :
where Φ := ω 63 + iω 73 and the congruences are taken modulo ω 51 , ω 52 . The equations in (16) show that the almost CR-structure defined by {ω 51 , ω 52 , ζ i } is Levi-flat. The almost CR-structure has codimension 2 because the fibers of Q ⊂ TG(2, 7) are codimension 2; it is rank 4 because the fibers of Q are 4-dimensional complex vector spaces.
A real surface Σ 2 ⊂G(2, 7) is a CR-holomorphic if it is tangent to Q and if T σ Σ ⊂ Q is a complex line for the complex structure J. Define the ideal (17)
The integral 2-planes for I CR project under q * to be complex lines in Q and so the integral surfaces that are transverse to q project under q to be the CR-holomorphic curves inG(2, 7). The CR-holomorphic curves for a Levi-flat almost-CR-structure of rank 4 depend on 6 functions of 1 variable, and so are at least locally abundant. Define the 2-forms Υ i by the equations
Using the G 2 -structure equations one can check that
where the equivalences are modulo ω 51 and ω 52 . Therefore (20) I R = Υ 1 , . . . , Υ 6 , ω 51 , ω 52 .
Using equation (18), this new characterization of I R implies that I R ⊂ I CR . Therefore every CR-holomorphic curve gives rise to a 2-ruled coassociative cone via the Γ-construction. Now suppose that Γ : R 2 × Σ → R 7 is an r-oriented 2-ruled coassociative cone with image M . Choose a liftΓ : R 2 × Σ → P so thatΓ(r 1 , r 2 , σ) = r 1 e 1 + r 2 e 2 and e 1 ∧e 2 ∧e 3 ∧e 4 = T M . Then by rotating the frame in the e 1 ∧e 2 -plane it can be insured that ω a1 = 0 for a = 5, 6, 7. This implies that ζ 6 = 0. First suppose that ζ 7 = 0. The fact that I R must vanish then implies that ζ 4 = A ζ 7 and ζ 3 = B ζ 7 , which implies that the corresponding surface γ : Σ →G(2, 7) is a CR-holomorphic curve. Now consider the case in which ζ 6 = ζ 7 = 0. This along with the vanishing of the 1-forms in I R imply that ω a1 = ω a2 = 0 for a = 5, 6, 7. This is a linear equation on the second fundamental form of the coassociative cone. It implies that the second fundamental form has an O(2) symmetry. In [5] I show that it is an involutive condition and that the corresponding surface γ : Σ →G(2, 7) is a CRholomorphic curve. As will be described in Section 8.2, this family is equivalent to the holomorphic curves in S 6 .
Remark 7.3. Let (x 1 , . . . , x 8 ) be standard coordinates on
On O define the 4-form Φ = ϕ∧dx 8 + * ϕ. The stabilizer of this 4-form is Spin(7) ⊂ SO(8). Harvey and Lawson [6] show that Φ is a calibration. The calibrated 4-folds are called Cayley 4-folds. The Cayley cones that are ruled by 2-planes are equivalent to holomorphic curves inG(2, O) for a non-integrable, Spin(7)-invariant complex structure. Proposition 7.2 and its proof are actually special cases of the corresponding result for Cayley geometry. Proposition 7.2 along with the standard existence result for CR-holomorphic curves demonstrates that locally there are plenty of 2-ruled coassociative cones, in fact six functions of one variable's worth of them. This existence result is similar to Theorem 4.2 in [13] ). Proposition 7.2 shows that the 2-ruled condition reduces 4-dimensional coassociative geometry to a surface geometry. It is this surface geometry that I will turn to now. (2, 7) 8.1. The Invariants a, b, and ρ. There are no 1 st -order invariants of a coassociative 4-fold in R 7 because G 2 acts transitively on the Grassmanian of coassociative planes [6] . There are many second order invariants. A second order invariant for a 2-ruled coassociative 4-fold (M, π, Σ) translates into a 1 st -order invariant for the geometry of the corresponding CR-holomorphic curve Σ ⊂G(2, 7), and so one should expect 1 st -order invariants for CR-holomorphic curves inG(2, 7). A more direct reason is that the structure group U(2) does not act transitively on the complex lines in Q v1∧v2 ∼ = C 4 for v 1 ∧v 2 ∈G(2, 7). In this section I will introduce the scalar invariants a, b ∈ R for a CR-holomorphic curve inG(2, 7). There is a tautological complex line bundle L defined onG(2, 7). It pulls back to be a holomorphic line bundle L over any CR-holomorphic curve and the geometry of the curve naturally defines a holomorphic section ρ of its dual L. Whether or not ρ vanishes is another invariant of the CR-holomorphic curve. The vanishing of each of these three invariants will be interpreted geometrically in Section 8.2.
CR-Holomorphic Curves inG
To study the geometry of CR-holomorphic curves it will be useful to use the coframing introduced for holomorphic curves in S 6 . This coframing is related to 2-RULED COASSOCIATIVE CONES 13 the one introduced in the proof of Proposition 7.2 as follows:
The first equation in (16) can then be rewritten as
where the congruence is taken modulo ω 51 and ω 52 , or modulo θ 2 andθ 2 . If Σ ⊂ G 2 is the lift of a CR-holomorphic curve then locally
where z is a holomorphic coordinate on Σ and the A i 's and B i 's are complex functions. A calculation shows that they are actually holomorphic functions. Under a change of coframe given by U ∈ U(2), A and B transform as
These transformation properties imply that
are invariants for a CR-holomorphic curve. If either a or b vanishes on a neighborhood then it vanishes identically since the A i 's and B i 's are holomorphic functions.
There is a tautological complex line bundle onG(2, 7) that pulls back to CRholomorphic curves to be holomorphic. To see this let v 1 and v 2 be orthonormal vectors and recall that ϕ defines a (noncommutative, nonassociative) multiplication on R 7 by the rule
This multiplication has the property that
is a unit vector in R 7 and the real six plane perpendicular to it inherits a complex structure J v3 defined by J v3 (u) = u · v 3 . The real 2-plane v 1 ∧v 2 is perpendicular to v 3 and turns out to be a complex line with respect to the induced complex structure on v ⊥ 3 . This defines the tautological complex line bundle (27) C → L →G(2, 7)
whose fiber at v 1 ∧v 2 ∈G(2, 7) is C · (v 1 + iv 2 ). As is usual, L is a subbundle of a trivial bundle, L ⊂G(2, 7) × R 7 . Let γ : Σ →G(2, 7) be a CR-holomorphic curve and define L := γ −1 (L).
Proof. A liftγ : Σ → G 2 can always be chosen so that f 2 is a unitary frame for L. This implies that σ := ω 1 − iω 2 along with a coframe ofγ(Σ) form a coframe of L and that ω i = 0 except when i = 1, 2. Then dσ = −i ω 12 ∧σ. This and the structure equations forG(2, 7) make it clear that L has an integrable complex structure (since the (1, 0)-forms algebraically generate their differential ideal) and that the map L → Σ is holomorphic. So L is a holomorphic line bundle over Σ.
LetL be the dual of L. The transformation rules above imply that
is a well defined holomorphic section ofL. The vanishing of the invariants a, b, and ρ can be interpreted according to the geometry of the image of γ : Σ →G(2, 7) under the G 2 -invariant map p :G(2, 7) → S 6 .
Geometric Interpretations of the Invariants a, b, and ρ.
There is a G 2 -equivariant map p :G(2, 7) → S 6 given by p(v 1 ∧v 2 ) = v 2 · v 1 . It fits into the commutative diagram of G 2 -equivariant maps
where u = e 5 , q = e 1 ∧e 2 , and p • q = e 2 · e 1 = e 5 = u. The image in S 6 of a CR-holomorphic curve is not arbitrary. Proposition 8.2. Letγ : Σ → G 2 be the lift of a CR-holomorphic curve γ : Σ → G(2, 7) and let φ := u •γ. Then φ : Σ → S 6 is a holomorphic curve for the unique G 2 -invariant SU(3)-structure.
Proof. A surface inG(2, 7) is CR-holomorphic if when it is lifted to G 2 it is an integral surface for the ideal (29)
I CR = ω 51 , ω 52 , ζ i ∧ ζ j .
A surface in S 6 is holomorphic if when it is lifted to G 2 it is an integral surface for the ideal (30)
The equations in (21) show that I HC ⊂ I CR . Proposition 8.2 begs the question, is every holomorphic curve in S 6 in the image of a CR-holomorphic curve inG(2, 7)? And, is there a way of producing a CRholomorphic curve from a holomorphic curve in S 6 . Both questions are about to be answered in the affirmative.
There are three natural lifts of a holomorphic curve φ : Σ → S 6 toG(2, 7). Each of the three complex line bundles T Σ, N 1 (Σ), N 2 (Σ) (see Section 6) has an oriented 2-plane in R 7 as its fiber, and so each defines a lift Σ →G(2, 7). It is the lift given by N 2 (Σ) that turns out to be useful here. Following [2] this will be referred to as the binormal lift.
For the rest of this section let γ : Σ →G(2, 7) be a CR-holomorphic curve and letγ : Σ → G 2 be a lift for which γ = q •γ.
First consider the case in which ρ = 0. Proof. The situation is the same as in the last proof except that now the extra condition b = 0 implies that κ 23 = 0. This is the extra condition needed to make (Σ,γ) an integral surface of K = θ 2 , θ 3 , κ 21 , κ 23 , and thus the lift of a null-torsion holomorphic curve.
In [2] Bryant showed that the null-torsion holomorphic curves are naturally algebraic curves in the five-quadric, Q 5 . It is well known that Q 5 ∼ =G(2, 7) and the binormal lift of a holomorphic curve φ : Σ → S 6 naturally lifts Σ to Q 5 . He showed that the null torsion condition makes the lift of Σ a holomorphic curve with respect to the standard holomorphic structure on Q 5 ⊂ CP 6 . Not only that, but it is also tangent to a non-integrable holomorphic 2-plane field. Bryant showed how these holomorphic curves can locally be expressed in terms of a single arbitrary holomorphic function, and that globally every compact Riemann surface admits an immersion as such a holomorphic curve in Q 5 . By Proposition 8.4 this leads to a way of explicitly constructing coassociative cones.
The coassociative cones constructed from null-torsion holomorphic curves in this way are naturally Kähler surfaces [5] . In fact, these cones can be deformed so that they are no longer conical but they remain 2-ruled and Kähler. This should correspond to the deformation method introduced by Lotay in [13] . Proof. If a = 0 then θ i = 0 for i = 1, 2, 3, which implies that u •γ (Σ) = s 0 for some point s 0 ∈ S 6 . Therefore γ(Σ) is contained in the fiber of p :G(2, 7) → S 6 which is diffeomorphic to CP 2 . On the fibers of p the structure equations in (12) reduce to dκ = −κ ∧ κ tκ = −κ tr(κ) = 0 which shows that the fiber inherits the standard symmetric space structure of CP 2 . The fact thatγ(Σ) is an integral of I CR implies that κ 21 ∧κ 23 = 0, which shows that it will project down to p −1 (s 0 ) ∼ = CP 2 to be a holomorphic curve, and thus an algebraic curve.
The results so far can be summarized as Theorem 8.6. The vanishing of the invariants have the following geometric interpretations:
(1) ρ = 0 and a = 0 ⇐⇒ Σ is the binormal lift of a holomorphic curve in S 6 . (2) b = 0 and a = 0 ⇐⇒ Σ is the binormal lift of a null-torsion holomorphic curve in S 6 and is thus an algebraic curve in Q 5 . (3) a = 0 and b = 0 ⇐⇒ u :G(2, 7) → S 6 restricts to Σ to be constant. In this case Σ ⊂G(2, 7) is an algebraic curve in the fiber u −1 (p 0 ) ∼ = CP 2 .
In [5] I showed that the CR-holomorphic curves for which ρ = 0 but a = 0 correspond to the coassociative cones whose second fundamental forms have an O(2) stabilizer. Using Theorem 8.6 this gives an equivalence between the holomorphic curves in S 6 and the coassociative cones whose second fundamental form has an O(2) stabilizer. It is well known that the cone on a holomorphic curve in S 6 is an associative 3-fold [2] . This leads to the following correspondence: Theorem 8.7. There is a bijection between the associative cones and the coassociative cones whose second fundamental forms have an O(2)-stabilizer.
In [12] Kong, Terng and Wang show that the equations describing holomorphic curves in S 6 form an integrable system. They provide a method for constructing explicit examples of holomorphic curves that have an S 1 -symmetry. Theorem 8.7 shows that these methods will also provide explicit examples of 2-ruled coassociative cones.
The coassociative cones that are equivalent to the family of CR-holomorphic curves for which a = 0 are also Kähler surfaces. The fact that the image of Σ in S 6 is a point implies that the corresponding coassociative 4-fold is contained in s
It is well known that the G 2 -structure on R 7 induces an SU(3)-structure on any hyperplane and that a coassociative 4-fold contained in a hyperplane is just Σ and on a section of an affine complex line bundle that satisfies a∂-type equation. Unfortunately this larger class of deformations destroys the Kähler structure. The case in which f = 0 should reduce to Lotay's construction using holomorphic vector fields. 
